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Abstract

In this paper, bounds for convex combination of the first Seiffert and Logarith-
mic means by general Heronian mean are proved. The left bound is the best
possible.

Keywords: Seiffert mean, Heronian mean, Logarithmic mean, convex
combination, bounds
2000 MSC: 26D15.

1. Introduction

In the paper [1], authors proved the following optimal inequalities:
Let a > 0,b >0, a # b then

Hs(a,b) < P(a,b) < Hg(a,b) for 6>m—2, <1 (1)

and 0 =m—2, =1 are the best constants.

H,(a,b) < L(a,b) < Hy(a,b) for ~ =400, 7<4 (2)
and =400, 7T =4 are the best constants.
P(a,b) is the first Seiffert mean

a—2>b a—2b
P(a,b) = — = for a,b>0, a#b.  (3)
4 arctan (\/%) — T  2arcsin (—Zlg)
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L(a,b) is the Logarithmic mean
a—>b

L(a,b) = —— f b>0 b. 4
H,(a,b) is the Heronian mean
a+wvab+b
Hw(a,b) = wi—f—Q for S w < 400 (5)

=Vab for w=+oco.

It is well known, that H,(a,b) is a decreasing continuous function of the ar-
gument w. From this and from results of [1] it follows that there exist optimal
functions p(a), ¢(@), 0 < a < 1 such that

Hpay(a,b) < aP(a,b) + (1 —a)L(a,b) < Hyq)(a,b).

The purpose of this paper is to establish suitable bounds for the optimal func-
tions. For some details about means, see [1] and the related references.

2. Main Results

In this section we prove the following theorem.

Theorem 2.1. Let a,b >0, a # b. Let P(a,b), L(a,b), Hy(a,b), be the first
Seiffert mean, the Logarithmic mean and the Heronian mean. Let a € [0,1] and
p(a), (@), be the optimal functions such that: if for some p,q

H,(a,b) < aP(a,b) + (1 — a)L(a,b) < Hy(a,b) (6)
then p > p(a) and q < q(«); then
T 4
=T g = 4-
p(a) - ' 1434 < q(a) < 3a,

and p(a) is the best possible function.
Proof. (6) is equivalent to

1 @ (1-a)
ng(a, b) < EP(a, b) + 5 L(a,b) < Hy(a,b). (7)

Without loss of generality we can suppose that 0 < b < a. Denote t = /b/a
and put

1—¢2 1—t2 1
+(1—a) —— (P Fwt+1). (8

F(t = -
(ta,w) =a —2Int w+2

m — 4 arctant
Then 0 < ¢t < 1. First we prove the left inequality. This inequality is equivalent
to R(t,a) = F(t,o,m/ac—2) > 0 for 0 < t,a < 1. Some computation gives

1—¢2 1—t2 at? ( 2a> o

R(t,a) =« +(1-a)

7 — 4arctant —2Int T



Because of R(t,«) is a linear function of argument «, it suffices to show that
R(t,0) > 0 and R(t,1) > 0 for ¢t € (0,1). Denote Fy(t) = R(t,0) and Fy(t) =
R(t,1). Then

_s(t)  t*—1-—2tInt
Ait) = 2Int 2Int
From s”(t) = 2522 < 0, §'(1) = 0 where §'(t) = 2¢t — 2Int — 2 we have s'(t) >0
and from s(1) = 0 we obtain s(t) < 0 and so R(¢,0) > 0. Fx(t) = R(t,1) > 0 is
equivalent to

(10)

1—¢2

h(t) =7 —4arctant — <
(t) = m — 4arctan Wt2+(7r—2)t+1

0. (11)

Because of h(0) =0, h(1) =0 and A’ (0) = 72 — 27 — 4 < 0 where

L 2B 4 (m =2t +1) = (1 =) (2t + 7 — 2)
W) =-1p5- ( (82 + (7 —2)t + 1)2 ) 12

it suffices to show that the numerator of 2'(¢) has only one root in (0, 1). Some
computation gives that h'(t) = p(t)/((1 4+ t*)((t> + (7 — 2)t + 1)?)) where

p(t) = (7% — 21 — 4) t*+(16—4m)t3+ (=27 + 127 — 24) t*+(16—47)t+m° —27—4.
(13)
It is easy to show that

p(t) = (1-t*)q(t) = 1-t*) ((7* —2r —4) t* + (27 — 8w+ 8) t + m° — 2w — 4) .
(14)
From ¢(0) = 72 — 2 — 4 < 0 and ¢(1) = 47 (7 — 3) > 0 we have R(¢,1) > 0.
From 1
o

lim F(t .

120 (t o) T w+?2
we obtain that p(«) is the best possible function.
Now we prove the right bounds.
To show g(a) > 4/(4 4+ 3a) we need to prove F(t,a,4/(4 + 3a)) < 0 for all

t,a € (0,1). This is equivalent to

11— 1-t* 1+43a 4
G(t =aq——+(1— — t2 t+1 0. (15
(t,2) aw—4arctant+( a)—21nt 6+6a( +1+3a +1) <0. (15)
Some computation leads to
" 1—¢2
GL. (t,a)=6 {2Int —4arctant + 7} . (16)

(m —4arctant)(Int)
Denote u(t) = 2Int — 4 arctant + 7. Because u(1) = 0 and

22 — At + 2
=TTy
w() 1+ %)



we have u(t) < 0 and G2, (t,@) > 0. It implies G(¢, «) is a convex function in
argument « for each ¢t € (0,1). If we show that G(¢,0) < 0 and G(¢,1) < 0 for
all t € (0,1) then G(¢,a) < 0. G(t,0) < 0 is equivalent to s(t) = (3t — 3)/(t* +
4t 4+ 1) — Int > 0. Simple computation leads to

s5(t) A -6+ At -1
(t2+4t+1)2 t(t2 44t +1)2

S(t) =

From ss’(t) = —4t3+12t2—12t+4, and ss” (t) = —12t24+24t—12 < 0, s5'(1) = 0,
ss(1) = 0 we have ss'(t) > 0 and ss(t) < 0. From this and from s(1) = 0 we
obtain G(¢,0) < 0.

G(t,1) < 0 is equivalent to v(t) = 3(t> — 1)/(t*> + t + 1) — 4arctant + 7 > 0.
From v(1) = 0 it suffices to show that v'(¢) < 0. It follows from

ss(t) e e i

e (R (R N 1R (RN E [ CRTRS e

To show ¢(a)) < 4 —3a we need to prove F (¢, a, 4 —3a) > 0 for each a and some
to € (0,1). Put t, = 1 — a+ a? We show that F(1 —a+a? a,4 —3a) > 0 for
€ (0,1). We use the following inequality
11—t 1—t?
> - .

This inequality follows from the Taylor’s series for Int, ¢t € (0,1)

-0 Q- (-

—nt<1—t
. R 3 3

+ .

To prove F(t,a,4 —3a) > 0 for t, =1 — a+ a?, a € (0,1) it suffices to show
that

(60a—302)— = | (302 _gat6) Sl — (17)
7 — darctant, 9 (1 o+ (i) U;%;))
—t2 — (4 = 3a)t, — 1> 0.
Some calculation gives (17) is equivalent to
1-12 p(ta)

(6 — 302)

> )
m—4darctant, ~ ¥(ty)

O(te) =t2 — (14 3a)t3 + (9a% — 120 — 3)t2 + (9a? — 21 + B)ty — 2, (19)

P(ty) = t2 — 5ty — 2. (20)

(e



It is easy to show that
t2 =1—2a+3a% —2a° + o,

t3 =1—3a+6a* —7a® + 6a* — 3a” + af,
t2 =1 —4a 4 1002 — 160 4 19a* — 16a° + 1005 — 407 + o®

o(ta) = app(a) = ala” —7a% +27a° — 61a* +91a® — 1050° + 720 — 36). (21)
It implies
pp(a) < —36(1 —a)? —460%(1 —a)? +a?(—23 — 150> +27a® — Ta* +a°). (22)

Denote k(o) = —23 — 15a2 + 27a® — Ta* + o®. We have k(a) < [(u) = —23 +
12u — 6u?, where u = a? From [(1) = —17 and I'(u) = 12(1 — u) > 0 we have
I(u) < 0s0 ¢(ty) < 0. Evidently v(t,) < 0. Denote

Y(ta)
P(ta)

We need to show H(«) > 0. From H(1) = H(0) = 0 it suffices to show that
H’(«) has only one root in (0,1), and H’(0) > 0. Some computation gives

H(a) = 4arctan(ty,) — 7 + (6a — 30%) (1 — t2)

(23)

H(a) = 4arctan(1 — a + a?) — 71— (24)

(6 — 3a)(12a — 2402 + 2502 — 14a* — a® + 5a’ — 427 + aB)
—36 + 720 — 10502 + 913 — 61t + 2705 — 7ab + a7
This can be rewritten as

a(a)
b(a)’

H(a) = 4arctan(l — a + a?) — 7 — (25)

where

ala) = 720 — 1800 + 22203 — 1590 + 360° + 3308 — 390" + 18a° — 30°, (26)

b(a) = =36 + T2a — 10502 + 91a® — 61a* +27a° —7a® + 7. (27)

Some computation gives

b 8a—4 a'(a)b(a) —a(a)b'(a)
H'(e) = 2—-2a+43a2—-2a% +at b2() = (29
v(@)
(2 —2a + 3a2 — 2a3 + a*)b(a)?
where
v(a) = a®(a —1)s(a) (29)



s(a) = —2304 4 112320 — 2697602 4 463720° — 590800 + 59711a° — 4812905+
(30)
3149807 — 166340 + 69800 — 2250a'% + 513!t — 750! 4 6a'3.

We used
b2 (a) = 1296 — 5184 +127440° — 216720° +28521a* —29838a° +25483a° (31)

—17852a7 4+ 1024908 — 4778a° + 17650° — 500!t + 103a!? — 14a!3 + o4,

a' (o) = 72—360a+6660> —6360° +180a +-198a° —273a5 41440 —270%, (32)

V(o) =72 — 210 + 27302 — 2440 + 1350* — 420° + 7a®, (33)

d' (a)b(a) = —2592+181440— 5745602 +1152000° — 1593540t +157122a° (34)

—103542a8 + 3012007 + 2484908 — 44007a° + 36042210 — 19818t + 764402

—2010a'3 + 333! — 270'°,

a(a)b (o) = 5184a — 2808002 + 734400 — 124776a* + 150228a° — 13008305+
(35)
7692007 —223380% —9603a° +16890a'° — 116100 +5031a'? — 1434013 4-252a1

—21at®.

Now we show that H'(«) has only one root in (0, 1) which is equivalent to s(«)
has only one root in (0,1). Because s(0) = —2304 and s(1) = 864 it suffices to
show that s'(a) > 0

s'(a) = 11232 — 53952a + 13911602 — 2363200 4 2985550 — 288774a°+ (36)

2204860% — 1330727 + 628200 — 225000 + 56430 — 900! + 78a12.
Using a < 1 we get

s'(a) > ss(a) = 11232—53952a4 13911602 —2363200> +2985550* — 2887740° +
(37)
2204860° — 13307207 + 628200 — 225000 + 4743010,

ss(a)

0 p(a) = 0.11 — 0.54a + 1.390° — 2.364a> + 2.9850* — 2.888a° + 2.204a°

(38)




—1.331a" 4 0.6280° — 0.230” 4 0.040/.
We show p(a) > 0. We distinguish three cases.

Case 1. a € (0,0.45].
Case 2. o € [0.45,0.57].
Case 3. a € [0.57,1).

Case 1. Denote

p1(a) = 2.20408 — 1.331a7 + 0.6280° — 0.230° + 0.04a™°. (39)

p2(a) = 0.11 — 0.54 + 1.39a% — 2.3640° + 2.9850* — 2.888a°.  (40)
We have

p1(a) = a®qi(a) = a®(2.204 — 1.331a 4 0.628a2 — 0.230> + 0.04a).  (41)
Some computations give
¢ (o) = —1.331 + 1.256a — 0.6902 + 0.16a>, ¢/ (o) = 1.256 — 1.38a + 0.4802,

q)' (o) = —1.38a + 0.96c.

From ¢{’(a)) < 0 and ¢ (1) = 0.356 we have ¢} («) > 0. From this and from
¢;(1) = —0.605 we obtain ¢} («) < 0. Because ¢1(1) = 1.311 we have ¢;(«) > 0
and so p1(a) > 0 for a € (0,1).

ph(a) = —0.54 + 2.78a — 7.092a* + 11.940° — 14.440*,

Py () = 2.78 — 14.184a + 35.8202 — 57.760°.

Using the Cardano’s formula we obtain that p4(«) = 0 only for one real a* =
0.3218153. From ph(0) = —0.54, py(a*) = —0.1367703, p,(0.45) = —0.2292278
we get p5(a) < 0 for a € (0,0.45]. From p5(0.45) = 0.0021674 we have p(a) =
p1(a) + p2(a) > 0 for a € (0, 0.45].

Case 2. Put
¢1(a) = p1(a) — 0.77a5, g2(a) = pa(a) + 0.77a° (42)
We have

q1(a) = a®ri(a) = a® (—0.77 + 2.204a — 1.331a” + 0.628° — 0.23a* + 0.04a°) .
(43)



Some computations give
i (a) = 2.204 — 2.662 + 1.884a2 — 0.92a° + 0.2a*,

r(a) = —2.662 + 3.768c — 2.760° + 0.80°,
r(a) = 3.768 — 5.52a + 2.40%, r{"(a) = —5.52 + 4.8a < 0.

From r{"(a)) < 0 and r{"(0.57) = 1.40136 we have r{’(«) > 0. From this and
from r{(0.57) = —1.2628096 we obtain r{(a) < 0. From r1(0.57) = 1.149506
we have r{(a) > 0 for o € (0.45,0.57]. From 71(0.45) = 0.0008057 we have
q1(a) > 0 for o € (0.45,0.57].

ay(0) = —0.54 + 2.78a — 7.09202 + 11.9403 — 10.59a*,

¢y (o) = 2.78 — 14.184a + 35.820° — 42.360°,
¢y (o) = —14.184 + 71.64a — 127.080% ¢4 (o) = 71.64 — 254.16 < 0.

From ¢4'(0.45) = —7.6797 we have ¢5'(a) < 0. From ¢4(0.45) = —0.209305
we have ¢4 () < 0. From ¢5(0.45) = —0.0713537 we get ¢5(a) < 0. From
¢2(0.57) = 0.003673 we have p(a) = ¢1(a) + g2(a) > 0 for a € [0.45,0.57].

Case 3. Using elementary computations we obtain
p(1) = 0.004, p'(1) = —0.091, p"(1) = —0.918, p""(1) = —6.966,
pM (1) = =384, p® (1) = —161.64, p@ (1) = —323.28,
pM(1) = 1073.52, p® (1) = 14434.56, p'? (1) = 61689.6, p1V (1) = 145152.
From this we obtain

p(a) = pp(1—a) = 0.004+0.091(1—a)—0.459(1—a)?+1.161(1—a)* 1.6 (1—a)*+
(44)
1.347(1—a)®—0.449(1—)®—0.213(1—) " +0.358(1—)®—0.17(1—) *+0.04(1—a) '°.

Denote s, = 1 — . If we show pp(s,) > 0 for 0 < s, < 0.44 then the proof will
be completed. Denote

pp1(54) = 0.004 — 0.44955 — 0.213s7 + 0.35855 — 0.17s2 +0.04s.°.  (45)

pp2(54) = 0.091s, — 0.459s2 + 1.161s, — 1.65% + 1.347s5,. (46)
We have

PP (sa) = s5rri(sa) = 85 (—2.694 — 1.491s, + 2.864s2 — 1.53s3 + 0.4s7) .
(47)
Some computations give

1 (50) = —1.491 + 5.728s, — 4.59s% + 1.653.



Using the Cardano’s formula we obtain that 7r{(s,) = 0 only for one real
s* = 0.3435535. From rri(0) = —2.694, rr1(0.44) = —2.9109087, rri(s%) =
—2.9246712 we get pp) (sa) < 0. From pp;(0.44) = 0.0004706 we have pp;(sq) >
0 for s, € (0,0.44]. Next we have

pp2(5a) = Saz(Sa) = 54 (0.091 — 0.459s, + 1.161s2 — 1.655, + 1.347s7)

2 (8q) = —0.459 + 2.3225, — 4.85% + 5.38853.

Using the Cardano’s formula we obtain that 2'(s,) = 0 only for one real
§5 = 0.3534804. From 2(0) = 0.091, 2(0.44) = 0.280021, z(s**) = 0.0241802 we
have ppa(sa) > 0 for s, € (0,0.44]. The proof is complete.
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